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a b s t r a c t
In this paper, we combine the notions of completing and avoiding partial latin squares. Let
P be a partial latin square of order n and let Q be the set of partial latin squares of order n
that avoid P . We say that P is Q -completable if P can be completed to a latin square that
avoids Q ∈ Q. We prove that if P has order 4t and contains at most t − 1 entries, then P is
Q -completable for each Q ∈ Q when t ≥ 9.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Let P be a partial latin square of order n. We will always assume that P is on the symbol set [n] = {1, 2, . . . , n} unless
otherwise stated. We write (i, j, k) ∈ P to denote symbol i appearing in cell (j, k) of P for i, j, k ∈ [n]. Each triple (i, j, k)
contained in P is called an entry of P . A most natural question to ask is if P can be completed; that is, is there a latin square
L of order n such that if (i, j, k) ∈ P , then (i, j, k) ∈ L? One of the first results on completing partial latin squares was given
by Ryser [6]. Ryser proved that P is completable if and only if P contains and only contains an r × s latin rectangle on which
each symbol from [n] appears at least r + s − n times. Due to the attractive combinatorial setting of Ryser’s result, there
are currently numerous results that place sufficient conditions on P for completing P . One of the more famous sufficient
conditions is contained in a theorem of Smetaniuk [7].
Theorem 1.1 ([7]). Every partial latin square of order n with at most n− 1 entries can be completed.
Much of what we assume for the partial latin squares in this paper is similar to Smetaniuk’s condition and where we cannot
assume only this, we will assume something specific concerning which symbols can and cannot appear in the partial latin
square.
The antithesis to completing P is avoiding P altogether. P is called avoidable if for every set of n symbols, there is a latin
square L of order n such that if (i, j, k) ∈ L, then (i, j, k) ∉ P . A second avenue for partial latin square research is to ask
when avoiding is possible. Recent work by Öhman and Cavenagh [1,5] and Kuhl and Denley [4] along with seminal work by
Chetwynd and Rhodes [2] has established that all partial latin squares of order at least 4 are avoidable.
Theorem 1.2. Every partial latin square of order k ≥ 4 is avoidable.
Chetwynd and Rhodes [2] showed that k ≥ 4 is necessary by showing that for k = 2, 3 there is exactly one unavoidable
partial latin square of order k up to isotopisms. Fig. 1 contains unavoidable partial latin squares of orders 2 and 3.
We wish to consider a joining of the notions of completing and avoiding partial latin squares. Let P be a partial latin
square of order n and letQ denote the set of partial latin squares of order n that avoid P . We say that P is Q -completable if
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Fig. 1. Unavoidable partial latin squares of orders 2 and 3.
Fig. 2. Example of P with n− 1 entries that cannot be completed in such a way that the completion avoids Q .
there is a completion of P that avoids Q ∈ Q. Because we are looking to complete P , we consider Q -completability in the
context of a Smetaniuk-like theorem and pose the following conjecture.
Conjecture 1. Let P be a partial latin square of order n > 3. If P contains at most n − 2 entries, then P is Q -completable for
each Q ∈ Q.
Note that the condition of n − 2 entries is best possible. If P is a partial latin square whose n − 1 entries appear in one
row, then P cannot be Q -completable for all Q ∈ Q (see Fig. 2).
The problem of determining whether P is Q -completable or not is a refined list-coloring problem for bipartite graphs. It
is well-known that completing P , a partial latin square of order n, is equivalent to extending a partial proper edge-coloring
of Kn,n to a full proper edge-coloring of Kn,n where the color set is [n]. By injecting the extra condition that P avoid a given
partial latin square, some of the lists of colors given to the uncolored edges of Kn,n have one color less.
2. Constrained completions
As stated earlier, Fig. 1 shows unavoidable partial latin squares of orders 2 and 3. In the proofs that follow, it is possible
that wewill encounter unavoidable partial latin squares of order 2.We say that symbols a and b in a 2×2 partial latin square
P form a bad diagonal if there is no latin square on {a, b} avoiding P .
In this section, wewill prove Conjecture 1with constraints added to the partial latin square P . For our preliminary results,
ri and ci denote row i and column i ofQ respectively. Additionally, entries inQ that are covered by entries in P are disregarded
as empty cells. We also mention without proof that P is Q -completable if and only if P ′ is Q ′-completable where P ′ and Q ′
are formed from P and Q by simultaneously relabeling the rows, and/or columns, and/or symbols of P and Q .
Lemma 2.1. Let P be a partial latin square of order 4 containing at most one entry. Let Q be a partial latin square of
order 4 avoiding P and suppose that if Q contains 4 symbols, then at least one of the 4 symbols appears exactly once. Then P
is Q -completable.
Proof. By permuting the last 3 rows and last 3 columns of P and Q simultaneously, we may assume, without loss of
generality, that (1, 1, 1) ∈ P and that symbol 2 only appears on the back diagonal of Q .
Case 1: Q contains at most 3 symbols with symbol 4 missing.
Case 1a: (1, 2, 2) ∉ Q
Let S1, S2 be a partition of [4] such that S1 = {1, 2} and S2 = {3, 4}. Let X be a latin square of order 2 on the symbol set
{X1, X2} such that X1 appears on the leading diagonal. P is Q -completable if there are latin squares of order 2 on Si avoiding
each 2×2 subsquare ofQ corresponding to Xi for i ∈ {1, 2}with (1, 1, 1) contained in the completed P . Such latin squares on
S2 exist since symbol 4 does not appear in Q ; that is, the 2×2 subsquares corresponding to X2 do not contain a bad diagonal
on S2. Furthermore, symbol 2 does not appear in the 2 × 2 subsquares of Q corresponding to X1. Since (1, 2, 2) ∉ Q , P is
Q -completable.
Case 1b: (1, 2, 2) ∈ Q
Wemay assume that (1, 3, 3) ∈ Q ; otherwise interchange r2 and r3 and also c2 and c3 and argue as in Case 1a. Interchange
c2 and c3 and let Q ′ denote the new array. Let S1 = {1, 2} and S2 = {3, 4}. The 2× 2 subsquares of Q ′ corresponding to X2
do not contain a bad diagonal on S2; however, the bottom right 2 × 2 subsquare of Q ′ may contain a bad diagonal on S1.
Suppose that (2, 3, 3), (1, 4, 4) ∈ Q ′ (see Fig. 3, where ∗ designates the locations where symbol 2 can only appear).
Let S1 = {1, 4} and S2 = {2, 3}. Noting where symbol 2 can only appear in Q ′, the 2× 2 subsquares of Q ′ corresponding to
X2 do not contain a bad diagonal on S2. Since (1, 2, 2) ∉ Q ′, P is Q ′-completable and so P is Q -completable.
Case 2: Q contains 4 symbols with symbol 4 appearing once.
Case 2a: (1, 2, 2) ∉ Q
Set S1 = {1, 2} and S2 = {3, 4} and argue as in Case 1a noting that P is Q -completable unless there is a bad diagonal on
S2 in one of the 2 × 2 subsquares of Q corresponding to X2. We assume that this bad diagonal appears in cells (1, 3) and
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Fig. 3. Partial latin square contained by Q ′ .
Fig. 4. Partial latin square contained by Q .
Fig. 5. Partial latin square contained by Q ′′ .
Fig. 6. Partial latin square contained by Q ′′ .
Fig. 7. Partial latin square contained by Q ′′ .
(2, 4) of Q ; otherwise interchange c3 and c4 or interchange ri and ci for each i ∈ [4]. So either (3, 1, 3), (4, 2, 4) ∈ Q or
(4, 1, 3), (3, 2, 4) ∈ Q .
If (3, 1, 3), (4, 2, 4) ∈ Q , then interchange r2 and r3 and also c2 and c3. Call this new array Q ′. It follows that P is
Q ′-completable with S1 = {1, 2} and S2 = {3, 4} unless (1, 2, 2) ∈ Q ′. Suppose that (1, 2, 2) ∈ Q ′. Undoing the previous
row and column interchanges, Q contains the array in Fig. 4.
Interchanging r2 and r3 gives the array Q ′′ in Fig. 5.
P is Q ′′-completable with S1 = {1, 2} and S2 = {3, 4} unless Q ′′ contains the array in Fig. 6.
P is Q ′′-completable with S1 = {1, 4} and S2 = {2, 3} unless Q ′′ contains the array in Fig. 7.
In this case, interchange r2 and r3 and P is Q ′′-completable with S1 = {1, 3} and S2 = {2, 4}. Thus P is Q -completable.
If (4, 1, 3), (3, 2, 4) ∈ Q , then P is Q -completable with S1 = {1, 2} and S2 = {3, 4} by interchanging r2 and r3 and also
c2 and c3 unless Q contains the array in Fig. 8.
Interchange c2 and c3 as depicted in Fig. 9. Call this new array Q ′. Then P is Q ′-completable with S1 = {1, 2} and S2 = {3, 4}
unless Q ′ contains the array in Fig. 10. In this case, P is Q ′-completable with S1 = {1, 3} and S2 = {2, 4}.
Case 2b: (1, 2, 2) ∈ Q
We assume that (1, 3, 3) ∈ Q ; otherwise interchange r2 and r3 and also c2 and c3 and argue as in Case 2a. Interchange c2
and c3 and let Q ′ denote the new array.
Set S1 = {1, 4} and S2 = {2, 3}. The 2 × 2 subsquares corresponding to X2 do not contain a bad diagonal on S2. Also
(1, 2, 2) ∉ Q ′. Then P is Q ′-completable unless either (4, 1, 2) ∈ Q ′ or (4, 2, 1) ∈ Q ′. Without loss of generality, we assume
(4, 1, 2) ∈ Q ′ (see Fig. 11). Set S1 = {1, 3} and S2 = {2, 4}. Then P is Q ′-completable unless (3, 2, 1) ∈ Q ′. Interchange c2
and c4 and call this new array Q ′′.
Set S1 = {1, 2} and S2 = {3, 4}. Then P is Q ′′-completable unless (2, 1, 2) ∈ Q ′′ (see Fig. 12). Finally, interchange r2 and
r3 and P is Q -completable with S1 = {1, 4} and S2 = {2, 3}. 
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Fig. 8. Partial latin square contained by Q .
Fig. 9. Partial latin square contained by Q ′ .
Fig. 10. Partial latin square contained by Q ′ .
Fig. 11. Partial latin square contained by Q ′ .
Fig. 12. Partial latin square contained by Q ′′ .
For the following lemma, we make two definitions. A partial symbol-array of order n is an n × n array on any set of
symbols with the property that each symbol appears at most once in each row and column. Let Q be a partial symbol-array
of order n. An n-tuple of symbols is called bad in Q if each symbol in the n-tuple appears at least twice in Q .
Lemma 2.2. Let Q be a partial symbol-array of order 4 with at least one empty cell. Let a be a symbol appearing in Q and let
(a, i, j) ∈ Q for some i, j ∈ [4]. Then there are at most 20 bad 4-tuples in Q each containing symbol a.
Proof. Let S denote the set of symbols that appear twice in Q and let a ∈ S. Since Q contains at least one empty cell, |S| ≤ 7.





ways to form a bad 4-tuple containing a. 
The following theorem, due to Daykin and Häggkvist [3], will be used in the main theorem of this section.





kr−1 − (k− d)r−1 ,
then H has more than d independent edges.
In the proof of Theorem 2.2, when we speak of the 4 × 4 subsquares in P , a partial latin square of order 4t , we mean
those 4× 4 subsquares that naturally divide P into a t × t array. LetQ denote the set of partial latin squares of order 4t that
avoid P .
Theorem 2.2. Let k = 4t be a positive integer and let t ≥ 9. Let P be a partial latin square of order k with at most t − 1 entries.
Then P is Q -completable for each Q ∈ Q.
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Proof. Let k = 4t for t ≥ 9. Since P contains at most t − 1 entries, by permuting the rows and columns of P (and
simultaneously permuting the rows and columns of Q ), we may assume that no two entries appear in the same 4 × 4
subsquare of P and that no symbol appears in two 4×4 subsquares sharing rows or columns in P . Wemay also assume that
the symbols appearing in P are contained in [t−1]. Let T be a partial latin square of order t on the symbol set {X1, X2, . . . , Xt}
such that (Xi, j, l) ∈ T if and only if i appears in the corresponding 4× 4 subsquare of P . T contains at most t− 1 entries and
so by Theorem 1.1, T can be completed. For the remainder of this proof, T is a latin square of order t .
We wish to find a partition S1, S2, . . . , St of [4t] such that
1. |Si| = 4 for each i ∈ [t],
2. i ∈ Si for each i ∈ [t], and
3. there are latin squares of order 4 on Si avoiding the 4× 4 subsquares in Q corresponding to Xi and completing the 4× 4
subsquares in P corresponding to Xi, for each i ∈ [t].
If such a partition can be found, then clearly P is Q -completable. We will use Theorem 2.1 to find a partition with properties
1, 2 and 3.
Let H be a 4-partite, 4-uniform hypergraph with vertex set {A, B, C,D} where A = {1, . . . , t}, B = {t + 1, . . . , 2t},
C = {2t + 1, . . . , 3t}, and D = {3t + 1, . . . , 4t}. We include the edge (i, b, c, d) if and only if {i, b, c, d} is not a bad 4-tuple
for each 4× 4 subsquare in Q corresponding to Xi in T . By Lemma 2.2, there are at most 20 bad 4-tuples containing symbol
i for each 4× 4 subsquare in Q corresponding to Xi. So it follows that
dH(i) ≥ t3 − 20t
for each i and thus
δ(H) ≥ t3 − 20t.
According to Theorem 2.1, H contains t independent edges provided δ(H) > 34 (t
3 − 1). Certainly
t3 − 20t > 3
4
(t3 − 1)
for t ≥ 9. Therefore H contains t independent edges. We now describe how the independent edges found in H form a
partition with properties 1, 2 and 3.
Let ei, . . . , et be independent edges in H where ei = (i, b, c, d) for i ∈ [t]. For each edge ei set Si = {i, b, c, d} and note
that the 4-tuple Si is not a bad 4-tuple in any 4×4 subsquare in Q corresponding to Xi. By Lemma 2.1, there are latin squares
of order 4 on Si avoiding the corresponding 4× 4 subsquares in Q and completing the corresponding 4× 4 subsquares in P .
Hence P is Q -completable. 
It is possible to improve on the bound t ≥ 9 by improving on Lemma 2.1. By eliminating the conditions placed on Q
in Lemma 2.1, a similar counting argument will show that P is Q -completable for t ≥ 1. However, the counting argument
given for the proof of Theorem 2.2 may not lend itself well to an order of a partial latin square that is not a multiple of 4.
3. Some 2× n× n partial latin boxes
It is only natural for completing partial latin boxes or extending latin boxes, the latter distinguished from the former
by the principal latin structure containing no unfilled cells, that avoidability is a topic of interest. Indeed, for completing a
partial k× n× n latin box to an l× n× n latin box for k < l ≤ n, the objective is to find l latin squares that pairwise avoid
each other and that contain the beginning k partial latin squares. So completing partial latin boxes is a topic that combines
the two notions of completing and avoiding. Using the main result from the previous section, we wish to provide a small
result on completing and extending some partial latin boxes.
Theorem 3.1. Let t ≥ 9. Let P be a partial 2× 4t × 4t latin box with at most 2t − 1 entries. Then P can be completed and then
extended to a (t + 1)× 4t × 4t latin box.
Proof. Let P1 and P2 be the partial latin squares of P with P1 being the bottom layer. We may assume without loss of
generality that P2 contains at most t − 1 entries. Our first task is to complete P1. We do so by first filling the cells in P1
that lie below a fixed entry in P2. Note that this is possible since there are 4t symbols and at most 2t− 1 entries in P . P1 now
contains at most 2t − 1 entries and can be completed by Theorem 1.1.
Since P1 contains at most t − 1 entries, by Theorem 2.2, P2 is P1-completable. Thus P is completable.
Note that, according to the proof of Theorem 2.2, a completion for P2 was constructed by way of a latin square T on the
symbol set {X1, . . . , Xt} and a partition S1, . . . , St of [4t]with |Si| = 4 for each i. Let X be a latin cube of order t such that X
contains T . By Theorem 1.2, there are 4× 4 latin squares on Si avoiding the 4× 4 subsquares in P1 corresponding to each Xi
in X outside of T . It follows that P1 and the t latin squares corresponding to the layers of X make a (t + 1) × 4t × 4t latin
box containing P . 
As mentioned in the previous section, an improvement to Lemma 2.1 implies an improvement to Theorem 2.2. With
improvements to Theorem 2.2, it is possible to increase the number of entries of P in Theorem 3.1.
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